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1. INTRODUCTION
Let k be a finite field and let A be a finite-dimensional hereditary
Ž . Ž .k-algebra, with all simple A-modules S 1 , . . . , S n , up to isomorphism.
Let A-mod be the category of finite-dimensional left A-modules, which is
exactly the category of A-modules with finitely many elements. The
Ž .Grothendieck group K A of the finite A-modules modulo short exact0
n Ž .sequences can be identified with  , such that the image of S i is the ith
 coordinate vector e . For M A-mod, denote its isoclass by M , and itsi
Ž .image in K A by dim M, which is called the dimension vector of M.0
  Ž  Let  be the field of real numbers. By definition R2 see also Mac ,
. Ž .but only for discrete valuation rings , the RingelHall algebra H A of A
 is an -space with basis the set of isoclasses M of all finite modules, with
multiplication given by
    L  M  N  g L ,Ý M , N
 L
where the structure constant g L is the number of submodules V of LM , N
Ž . nsuch that VN and LVM. Then H A is an  -graded associative0
 -algebra with identity 0 , where  denotes the set of non-negative0
n Ž .integers, and for d , the homogeneous component H A is the0 d
  4 Ž .-space with basis M  dim M d . In particular, H A . Here we0
Ž .use the untwisted multiplication on H A ; however, all considerations hold
 for the twisted one introduced in R5 .
  Ž .By definition R3 the composition algebra C A of A is the subalgebra
Ž .  Ž .  Ž .of H A generated by all isoclasses of simple A-modules S 1 , . . . , S n .
Ž . n Ž .For d d , . . . , d  with l d  d , let C A be the -1 n 0 1 n d
 Ž .  Ž .space spanned by all monomials S i  S i , such that the number of1 l
occurrences of i in the sequence i , . . . , i is exactly d for 1	 i	 n. Then1 l i
Ž . Ž . n Ž .C A 
 C A is an  -graded, -subalgebra of H A .d 0d
Note that there is a one-to-one correspondence between the valuation
diagrams of A and the symmetrizable generalized Cartan matrices .
Ž Under this correspondence, by the work of Ringel and Green see R3, R6,
. Ž .G, R7 , composition algebra C A is isomorphic to the positive part of
Ž  .DrinfeldJimbo’s quantum group of type  see L .
In this paper, we mainly consider the case where the valuation diagram
of A is simpley laced, or, equivalently, the corresponding  is symmetric.
This is exactly the case when A is the path algebra of a finite quiver Q
Ž .without oriented cycles. But in Section 4 we deal with the general case.
By the work of Sevenhant and Van den Bergh, one can construct the
Ž .corresponding BorcherdsCartan matrix; via RingelHall algebra H kQ ,
the corresponding Borcherds form B is exactly the symmetrization of the
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Ringel’s form as defined in Section 2.2 below. From this BorcherdsCartan
Žmatrix B one has the corresponding generalized KacMoody algebra see
 . Ž  .   Ž .B and its quantized enveloping algebra see Kang . Then by SV H kQ
is exactly the positive part of the corresponding quantized generalized
 KacMoody algebra. It is proved in SV that the degrees of the real
simple roots of B are exactly the coordinate vectors e ; and the degrees ofi
the imaginary simple roots are exactly the dimension vectors of minimal
Ž .homogeneous generators of H A ; moreover, if Q is affine, then the
degrees of the imaginary simple roots are of form n, where  are positive
integers, and n is the minimal positive imaginary root of Q.
We are interested in the following two questions:
Ž .i How does one classify all indecomposable representations M of
Ž .Q which can be generated inside H kQ by some representations of Q
with strictly smaller dimensions; and
Ž .ii How does one write out explicit systems of minimal homoge-
Ž .neous generators of H A ?
Ž . Ž .If Q is of Dynkin type, then H kQ coincides with its subalgebra C kQ ,
Ž .and hence the answers to the questions above are clear: For i it is all
Ž .indecomposable non-simple representations; and for ii it is exactly all
isoclasses of simple representations.
Ž . Ž .If Q is not of Dynkin type, then H kQ C kQ . The aim of this paper
is to answer the two questions for the case where Q is an arbitrary affine
Ž . Ž .quiver. The answer for i is given in Theorem 5.3; and the answer for ii is
given in Theorems 6.3 and 6.4.
As a corollary, we also get the formula for the number of the imaginary
simple roots at degree n, in the corresponding BorcherdsCartan matrix
associated with affine quiver Q, see Corollary 6.5. This formula has been
 given by Hua and Xiao in HX : they obtained this from a character
 formula. This formula in HX also stimulate us to consider the question
Ž .ii above.
The methods we used are the classifications of representations of affine
Ž .quivers Q over finite fields see Section 2 , reduction technique to tubes by
Ž . Žusing the triangular decomposition for composition algebra C kQ see
.Section 3 , and the structure of the RingelHall algebras of tubes, particu-
Ž . Žlarly the GelfandKirillov dimensions of some subalgebras of H kQ see
.the proof of Theorem 4.5 .
Ž .Since H kQ is isomorphic to the positive part of the corresponding
 quantized generalized KacMoody algebra SV , our results also give new
insights into the corresponding quantized generalized KacMoody algebra
via the representations and combinatorics of quivers.
Throughout this paper, let k be a finite field with q elements, and let Q
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˜ ˜ ˜Ž . Ž .be an affine quiver, i.e., Q is of type A n 1 , or D n 4 , or En n n
˜Ž .n 6, 7, 8 , with arbitrary orientation, except in the case of type An
Ž .n 1 , where we exclude an oriented cycle. Denote by n the minimal
positive imaginary root of Q.
2. REPRESENTATIONS OF AFFINE QUIVERS OVER
FINITE FIELDS
Let us recall some basics in the representation theory of Q over finite
 fields, which is needed later, from DR, ARS, R1 . Mainly, we need the
formula for the number of homogeneous quasi-simples with fixed dimen-
Ž .sion vector Proposition 2.7 . This formula is more or less well known: in
 K Kac has known the number of indecomposable representations of Q
over a finite field, with fixed dimension vector; combining this with the
 table in DR , one gets the formula. However, here we provide a proof by
using a perpendicular category and 2 2 matrices.
2.1. Let A kQ be the path k-algebra of Q. For A-modules X, Y,
define
² : 1X , Y  dim Hom X , Y  dim Ext X , Y . 2.1Ž . Ž . Ž .k A k A
² :By a homological argument it is clear that X, Y depends only on dim X
and dim Y, so it can be bilinearly extended to n, where n is the number of
Ž . nvertices of Q. Denote by , the symmetric, bilinear form on  given
by
² : ² :X , Y  X , Y  Y , X , 2.2Ž . Ž .
n Ž . ² : Ž .and by q the quadratic form on  given by q x  x, x . Then q xA A A
 n Ž . 4is positive semi-definite but not positive definite, and z   q z  0A
Ž  . n see DR, R1 .
1 Ž . 1 1 Ž Ž . .Let DTrD Ext , A and   TrD Ext D A , , whereA A
Ž . Ž  .DHom , k , be the AuslanderReiten translates see, e.g., ARS .k
ŽAn indecomposable A-module M is said to be preprojective resp. prein-
. mŽ .jective provided that there exists a positive integer m such that  M  0
Ž m Ž . .resp.  M  0 , and to be regular otherwise. An arbitrary A-module
Ž .X is said to be preprojective resp. regular, preinjective provided that
every indecomposable direct summand of X is so.
If P, R, and I are respectively preprojective, regular, and preinjective
modules, then there holds the nice property
Hom R , P Hom I , P Hom I , R  0 2.3Ž . Ž . Ž . Ž .A A A
and
Ext1 P , R  Ext1 P , I  Ext1 R , I  0, 2.4Ž . Ž . Ž . Ž .A A A
Ž .which is frequently used for calculations in H A .
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Ž . ² :Define the defect  M of a module M to be the integer n, dim M .
ŽThen an indecomposable module M is preprojective resp. regular, prein-
. Ž . Ž Ž . Ž . .jective if and only if  M  0 resp.  M  0;  M  0 .
With indecomposables as vertices, and using irreducible maps between
indecomposables to attach arrows, we obtain the AuslanderReiten quiver
Ž  .  of A see ARS . By DR , the AuslanderReiten quiver of A has one
preprojective component, which consists of all indecomposable preprojec-
tive modules and one preinjective component, which consists of all inde-
composable preinjective modules; all other components turn out to be
‘‘tubes,’’ which are of the form T  m, where m is called the rank of
T. If m 1, then T is called a homogeneous tube, and if otherwise, it is a
non-homogeneous tube. The ranks of non-homogeneous tubes of A is
˜completely determined by the type of Q, except in the case of type An
˜Ž . Ž .n 1 . That is, type D n 4 has three non-homogeneous tubes ofn
˜ Ž .ranks n 2, 2, 2; type E n 6, 7, 8 has three non-homogeneous tubesn
˜ Ž .of ranks 2, 3, n 3. For type A n 1 , by iteratedly using reflections ofn
quivers, we can assume that Q has n arrows going clockwise and n1 2
arrows going anticlockwise. Then the ranks of non-homogeneous tubes of
Ž .A are completely determined by the pair n , n , n , n  1. That is, if1 2 1 2
n  n  1, then it is the Kronecker algebra and it has no non-homoge-1 2
neous tubes; if n  n  1, then A has a unique non-homogeneous tube1 2
of rank n ; if n  n  1, then A has two non-homogeneous tubes of1 1 2
ranks n and n .1 2
Note that indecomposable modules in different tubes have no non-zero
homomorphisms and no non-trivial extensions; all regular modules form
an extension-closed abelian subcategory of A-mod. The simple objects in
this subcategory will be called quasi-simple modules; any indecomposable
regular module M is regular uniserial, and hence M is uniquely deter-
mined by its quasi-top and quasi-length.
The dimension vectors of all the quasi-simples in non-homogeneous
 tubes have been listed in DR, Tables . Thus, we need the number of
homogeneous quasi-simples with fixed dimension vector n, where  is an
arbitrary positive integer.
2.2. An indecomposable module M is called a stone provided
1 Ž .Ext M, M  0. Any indecomposable non-regular module is a stone;A
there are no stones in a homogeneous tube; and an indecomposable M in
a non-homogeneous tube of rank m is a stone if and only if the quasi-length
of M is less than m. Note that the endomorphism algebra of a stone is
always the base field k, and that the existence of a stone with a fixed
Ž  .dimension vector does not depend on the base field see HHKU .
Let X be a stone. Recall the perpendicular category X  , introduced by
   GeigleLenzing in GL , and Schofield in S , is the full subcategory of
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A-mod given by
X  M A-mod Hom X , M  0 Ext1 X , M . 2.5Ž . Ž . Ž . 4A A
Then X  is equivalent to B-mod, where B is again a path algebra with
n 1 simple modules, and n is the number of simple A-modules. The
embedding functor B-mod A-mod is exact and induces the isomor-
phisms on both Hom and Ext.
If algebra A is specified, then replace n with n , and dim M withA
dim M.A
LEMMA. Let S , . . . , S be the all pairwise non-isomorphic simple B-1 m
modules.
Ž .  Ž .i If M X with dim M d , . . . , d , thenB 1 m
dim M d dim S  d dim S . 2.6Ž .A 1 A 1 m A m
In particular, if M, N X  with dim M dim N, then dim MB B A
dim N.A
Ž .ii If both A and B are tame, then
n  n dim S  n dim S , 2.7Ž .A 1 A 1 m A m
Ž .where n  n , . . . , n .B 1 m
Ž . iii If both A and B are tame, and M X , then dim M n ifB B
and only if dim M n .A A
Ž .Proof. i This follows from the definition of dimension vectors.
Ž .ii Since both A and B are tame, it follows that X is regular. Let
X T , where T is a non-homogeneous tube of A. Choose an indecompos-
able regular B-module N with dim N n . Then N is also indecompos-B B
able regular as an A-module, and
q dim N  dim Hom N , N  dim Ext1 N , NŽ . Ž . Ž .A A k A k A
 dim Hom N , N  dim Ext1 N , NŽ . Ž .k B k B
 q dim N  q n  0,Ž . Ž .B B B B
it follows that dim N n for some positive integer .A A
Now choose an indecomposable regular A-module M with dim M nA A
and M X  . It is easy to see that such an M exists. Again we have
Ž .dim M tn for some positive integer t. Then by i we haveB B
n  dim N n dim S  n dim S ,A A 1 A 1 m A m
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and
n  dim M tn dim S  tn dim S  tn ,A A 1 A 1 m A m A
and therefore t  1.
Ž . Ž . Ž .iii If dim M n , then dim M n by i and ii . Con-B B A A
versely, if dim M n , then dim M tn for some positive integer t.A A B B
Ž . Ž .Again by i and ii we get  t.
Ž .2.3. Denote by t A the number of homogeneous quasi-simple A-mod-
ules X with dim X n .A A
Let T be a non-homogeneous tube of A, and let E be a quasi-simple
stone in T with E equivalent to B-mod.
Ž . Ž . Ž . Ž .LEMMA. i If rank T  2, then t A  t B for any positie inte- 
ger .
Ž . Ž .ii If rank T  2, then
t B ,  1;Ž .t A Ž . ½ t B  1,  1.Ž .1
Proof. Notice that any homogeneous quasi-simple A-module X with
dim X n is a homogeneous quasi-simple B-module, with dim XA A B
Ž .n by Lemma 2.2 iii . Other possible homogeneous quasi-simple B-mod-B
Ž .ules must belong to T as A-modules; however, if rank T m 2, then
those indecomposable modules in T which belong to E form a non-ho-
 Ž . Ž . Ž .mogeneous tube T of B with rank T m 1, and hence t A  t B . 
Let X be a homogeneous quasi-simple B-module with dim X n .B B
Ž .Then dim X n by Lemma 2.2 iii . Such an X is not a homogeneousA A
Ž .quasi-simple A-module if and only if rank T  2,  1, and as an
indecomposable A-module X is in T with quasi-top E and quasi-length 2.
Ž .In particular, such an X is unique. This proves ii .
Denote by K the Kronecker k-algebra; i.e., K is the path k-algebra of
the quiver 1  2.
Ž . Ž .COROLLARY 2.4. We hae t A  t K for  1; and 
 ˜q , A of type A , n  1;Žn , 1. 11
 ˜q 1, A of type A , n , n  1;t A Ž . Žn , n . 1 21 1 2 ˜ ˜q 2, A of type D or E .n n
Proof. The assertion follows from Lemma 2.3, by iteratedly using
Ž .perpendicular reductions, and the fact that t K  q 1.1
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Ž .2.5. In this subsection we will determine t K , the number of homoge-
Ž .neous quasi-simple K-modules with dimension vector ,  , where K is
Ž .the Kronecker algebra over k. It is clear that t K  q 1, so we assume1
 2 in the following.
Ž .Denote by N q,  the number of monic irreducible polynomials of
degree  over the field of q elements. Then we have the well-known
formula due to Gauss:
1 
dN q ,    q , 2.8Ž . Ž .Ý ž / dd
Ž . Ž .where  is the Mobius function, i.e.,  1  1,  n  0 if n has a square¨
Ž . Ž . sfactor, and  n  1 if n p  p , p distinct primes.1 s i
Ž . Ž .LEMMA. If  2, then t K N q,  .
Proof. Recall that K-mod can be identified with the category K, whose
Ž m n. m nobjects are quartets M k , 	 , 
 , k , where 	 , 
 : k  k are k-lin-
Ž m1 n1. Ž m2ear maps. For two objects M  k , 	 , 
 , k and M  k , 	 ,1 1 1 2 2
n2 . Ž .
 , k , the morphism set Hom M , M is defined to be the set of the2 K 1 2
Ž . m1 m2 n1 n2pairs f f , f , where f : k  k and f : k  k are k-linear1 2 1 2
Ž .maps, such that we write the composition of morphisms from left to right
f 	  	 f , f 
  
 f .1 2 1 2 1 2 1 2
Ž .Such a morphism f f , f is an isomorphism of K-modules if and only1 2
if both f and f are invertible.1 2
Ž m1 m2 n1 n2 .Note that M 
M  k 
 k , 	 
 	 , 
 
 
 , k 
 k .1 2 1 2 1 2
Ž  .Now, let M k , 	 , 
 , k be an indecomposable K-module of dimen-
Ž . Ž .sion vector ,  , with rank 	  r. Then we have invertible  
matrices g and g such that1 2
I 0rg 	 g  ,1 2 ž /0 0
where I is the r r identity matrix. It is easy to see that M is isomorphicr
to the K-module
I 0r k , , g 
 g , k .1 2ž /ž /0 0
It follows that we can assume that M is of the form
I 0r M k , , 
 , k .ž /ž /0 0
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Ž .Case i : r . In this case, let g be the rational canonical form of 
 ,
and let h be a   invertible matrix such that h
h1  g. Then it is
easy to see that M is isomorphic to the K-module
k , I , g , k  .Ž .
Since M is indecomposable, it follows that g has to be an indecomposable
matrix, and that g has to be invertible. Thus, g is the companion matrix of
Ž Ž ..d Ž .a polynomial  x of degree , where  x is a monic irreducible
  Ž Ž ..polynomial in k x , and d is a positive factor of , and if deg  x  1,
Ž . Ž  .then  x  x see, e.g., FIS, Theorems 6.11 and 6.13 . Therefore, we can
identify M with the K-module given by the pair
d d   k x   x , id , m , k x   x , 2.9Ž . Ž . Ž .Ž . Ž .Ž . Ž .ž /
d d  Ž Ž . .   Ž Ž . . Ž .where m: k x   x  k x   x is the k-map given by m a  ax,
dŽ Ž . .where x is the coset x  x . Since g is the companion matrix of a
Ž ..dpolynomial  x of degree , it is easy to see m coincides with g.
Using this presentation of M we can easily see that End MK
  ŽŽ Ž ..d .k x   x .
Ž .In fact, any endomorphism in End M is of the form f , f , where f isK
Ž .completely determined by f 1 ; i.e., we have
i if x  f 1 x , i 1, . . . ,  1.Ž . Ž .
It follows that End M is a field if and only if d 1. In this case,K
  Ž Ž ..   Ž Ž ..End M k x   x and hence End M : k  deg  x  , whereK K
Ž .dim M  1, 1 .K
Ž . Ž .Notice that if  x and  x are different monic irreducible polyno-1 2
 mials of degree  in k x , then the corresponding modules M 1
Ž   Ž Ž ..   Ž Ž ... Ž   Ž Ž ..  k x   x , id, m, k x   x and M  k x   x , id, m, k x 1 1 2 2
Ž Ž ... Ž . x are not isomorphic. In this way we have already obtained N q, 2
Ž .homogeneous quasi-simple K-modules of dimension vector ,  . In the
next case, we shall see that this is the complete list of homogeneous
Ž .quasi-simples of dimension vector ,  .
Ž .Case ii : r . Since  2 and M is indecomposable, it follows that
r 1. Let M be given by the pair
I 0r M k , , g , k ,ž /ž /0 0
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where
g g1 2g g gž /3 4
is a   matrix and g is a r r matrix.1
We want to prove that End M is not a field, and hence M is not aK
homogeneous quasi-simple K-module. For this purpose, consider the pair
Ž .f f , f of   matrices, where1 2
0 g2 0 0f  , f  .1 2 g gž /ž / 3 40 g4
Ž .Then it is easy to see f f , f  End M, namely, there hold the1 2 K
following equalities:
0 g I 0 I 02 0 0r r  0  ;g gž /ž / ž /ž / 3 40 g 0 0 0 04
0 g g g g g g g g g2 0 01 2 2 3 2 4 1 2    .g gž /g g g g g g g gž / ž / ž /ž / 3 40 g 3 4 4 3 4 4 3 44
It is clear that f is not an automorphism of K-module M; and since M
is indecomposable, it follows that g and g cannot be zero simultane-2 3
ously, and hence f 0.
This completes the proof.
Ž . Ž .From the proof of Lemma 2.5, Case i , and using Lemma 2.2 iii , we see
COROLLARY 2.6. Let E be a homogeneous quasi-simple A-module of
 dimension ector n . Then End E is the field with End E : k  .A A K
By Corollary 2.4 and Lemma 2.5, we get
Ž .PROPOSITION 2.7. Let t A be the number of homogeneous quasi-simple
A-modules of dimension ector n. Then
t A N q ,  ,  1;Ž . Ž .
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and
 ˜q 1, A of type A ;Ž1, 1.
˜q , A of type A , n  1;Žn , 1. 11t A Ž .1 ˜q 1, A of type A , n , n  1;Žn , n . 1 21 2 ˜ ˜q 2, A of type D or E .n n
Ž . Ž .Since N q,   1 for all q and , and since N q,   1 if and only if
q  2, we have
Ž . Ž .COROLLARY 2.8. i t A  0 if and only if  1, q 2, and A is of
˜ ˜type D or E .n n
Ž . Ž .ii t A  1 if and only if one of the following cases occurs:
˜ ˜Ž .a  1, q 3, A of type D or E ;n n
˜Ž .b  1, q 2, A of type A , n , n  2;Žn , n . 1 21 2
Ž .c  q 2.
Ž . Ž .iii In the remaining cases we hae t A  2.
Remark. As we mentioned in the beginning of this section, Proposition
 2.7 can be also obtained by combining a result in Kac’s paper K and the
 table in DlabRingel’s paper DR .
Ž  . Ž . Ž . Ž .Using the Euler -function see, e.g., J   Ý s , where  s  s
is the number of positive integers   which are relatively prime to , one
can rewrite
1 
sN q , s   q . 2.10Ž . Ž .Ý Ý ž / ss s
Ž .3. THE SPACE B Ad
Ž . n Ž . Ž .3.1. Let A kQ with K A   , and let H A and C A be the0
RingelHall algebra and Ringel’s composition algebra of A, respectively.
For 0 dn, define0
B A  H A H A  H A , 3.1Ž . Ž . Ž . Ž . Ž .yÝ x dd
xyd ; x , y0
 and B  0 . By definition B  0, i 1, . . . , n, where e , i 1, . . . , n,0 e ii
are the coordinate vectors.
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Ž . Ž .The spaces B A reflect the structure of H A . We are interested ind
the following two questions.
Ž .i How do we classify all indecomposable modules M with the
  Ž .property M  B A ? This will be answered in Theorem 5.3.dim M
Ž .ii How do we write out explicit systems of minimal homogeneous
Ž .generators of H A ? This will be done in Section 6.
For both purposes, first we need to give sufficient and necessary condi-
Ž . Žtions for an element in B A ; this is the aim of this section see Theoremd
.3.7 .
LEMMA. For d e , i 1, . . . , n, there holdsi
C A  B A  H A , 3.2Ž . Ž . Ž . Ž .d dd
Ž . Ž . Ž .and B A  H A for all d e , i 1, . . . , n, if and only if C A d d i
Ž .H A .
Ž . n Ž .3.2. For d K A   , define the following element in H A :0
 r  M ,Ýd
 M
where M runs over all regular modules with dim M d.
Note that this is a finite sum since k is a finite field. If there are no
  regular modules M with dim M d, then set r  0. Set r  0 . In Z1,d o
 Ž .Theorem 1 , we have proved that r C A for all d. Let T denote thed
Ž . nsubalgebra of H A generated by all elements r with d . Let P andd 0
Ž .I denote the subalgebra of H A generated by preprojectives and by
Ž .preinjectives, respectively. Let P  T  I be the -subspace of H A
    Ž .spanned by all products P  r  r  I , where P resp. I runs overd d1 m
Ž . nthe preprojectives resp. preinjectives , d , . . . , d  , and m .1 m 0 0
Ž .We need the following triangular decomposition theorem for C A
 proved in Z3 .
Ž .THEOREM. We hae C A P  T  IP T I. 
3.3. Terminologies. Let T be a tube of A, and let M be an A-module.
By M T we mean that every indecomposable direct summand of M
belongs to T.
  Ž .  Let xÝ c M  H A . If c  0, then M is said to be a term ofM  M M
 x with coefficient c . If M is a term of x, and M is indecomposable,M
   then M is said to be an indecomposable term of x. If M is a term of x,
 and M T , then M is said to be a T-term of x. Define the regular part
of x to be
 r x  c M . 3.3Ž . Ž .Ý M
M is regular
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Define the T-part of x to be
 r x  c M . 3.4Ž . Ž .ÝT M
MT
n Ž .For d , denote by r T the T-part of r , i.e.,0 d d
 r T  M ,Ž . Ýd
 M
where M runs over all modules in T with dim M d. 3.5Ž .
Ž . Ž .LEMMA 3.4. Let x H A , where d e , i 1, . . . , n. Then x r xd i
Ž . Ž . Ž . Ž . B A . In particular, x B A if and only if r x  B A .d d d
Ž .  Proof. Note that any term of x r x is of the form P
 R
 I , such
that at least one of P and I is not zero, where P, R, and I are,
 respectively, preprojective, regular, and preinjective. Since P
 R
 I 
     P  R  I , it follows that if any two of P, R, and I are not zero module,
  Ž .   Ž . Ž .then P
 R
 I  B A . If R 0 I, then P C A  B Ad d d
since d e , i 1, . . . , n. Similarly for the case P 0 R. Thus, xi
Ž . Ž .r x  B A .d
Ž .LEMMA 3.5. Lt x H A , where d e , i 1, . . . , n. Then there holdsd i
Ž . Ž . Ž . Ž .i r x Ý r x  B A .tube T T d
Ž . Ž . Ž .In particular, x B A if and only if Ý r x  B A .d tube T T d
Ž . Ž . Ž .ii Ý r T  B A .tube T d d
Ž . Ž .  Proof. Since any term of r x Ý r X is of the form R 
 R ,tube T T 1 2
where both R and R are non-zero regular modules, such that R  T1 2 1
for some tube T , but R has no direct summands in T , it follows that2
      Ž .R 
 R  R  R , and hence i follows.1 2 1 2
Ž . Ž . Ž .If d e , i 1, . . . , n, then r C A  B A , and hence ii followsi d d d
Ž .from i .
Ž 3.6. Let X, Y be non-zero A-modules. Consider the regular part r X 
 .     Y . Let X P
 R
 I, Y P 
 R 
 I , with P, P preprojective; R, R
regular; and I, I  preinjective. Thus
                  X  Y  P  R  I  P  R  I ,
 Ž   .and it follows that if P 0, or I  0, then r X  Y  0. Now assume
P 0 I . Then by comparing defects we see
                       r X  Y  r R  I  P  R  R  r I  P  R .Ž . Ž . Ž .
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     Ž .While by the Theorem in 3.2 we have I  P C A P  T  I and
Ž    .  Ž   . Ž r I  P  T, it follows that if R 0 R , then r X  Y  R I 
  .P is of the form
   r X  Y  cr  c r  r ,Ž . Ýdim Xdim Y d , . . . , d d d1 t 1 t
t2
with d  d  dim X dim Y, and c, c ; and that if R1 t d , . . . , d1 t
 Ž   .    0, or R  0, then r X  Y is of the form Ýc M  N , where M, NM , N
are non-zero regular modules and c . This proves the following.M , N
Ž LEMMA. Let X, Y be non-zero A-modules. Then the regular part r X 
 .Y is of the form
       r X  Y  cr  c M  N , 3.6Ž .Ž . Ýdim Xdim Y M , N
where M, N are non-zero regular modules with dim M dim N dim X
dim Y, and c, c .M , N
Since B  0 for i 1, . . . , n, the following result gives a description ofe i
Ž . n Ž . Ž .all spaces B A , d . The expressions 3.7 and 3.8 below play and 0
important role in Sections 5 and 6.
Ž .THEOREM 3.7. Let x H A , where d e , i 1, . . . , n. Then thed i
following are equialent:
Ž . Ž .i x B A ;d
Ž . Ž . Ž .ii r x  B A ;d
Ž . Ž .iii r x is of the form
   r x  cr  c M  N , 3.7Ž . Ž .Ýd M , N
where M, N are non-zero regular modules with dim M dim N d, and
c, c .M , N
Ž . Ž .iv There exists a c such that for eery tube T of A, r x is of theT
form
   r x  cr T  c M  N , 3.8Ž . Ž . Ž .ÝT d M , N
where M, N are non-zero modules in T with dim M dim N d, and
c .M , N
Ž . Ž .Proof. The implication i  ii follows from Lemma 3.4.
Ž . Ž . Ž . Ž .ii  iii : If r x  B A , then we can writed
   r x  c X  Y ,Ž . Ý X , Y
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where X, Y are non-zero modules with dim X dim Y d, and c .X , Y
Now, taking the regular parts from both sides of the preceeding equality,
and then using Lemma in 3.6, we get
       r x  r r x  c r X  Y  cr  c M  N ,Ž . Ž .Ž . Ž .Ý ÝX , Y d M , N
where M, N are non-zero regular modules with dim M dim N d, and
c, c .M , N
Ž . Ž .iii  iv : This follows from by taking the T-parts from the both
Ž .sides of 3.7 .
Ž . Ž .iv  i : If there exists a c such that for every tube of A,
Ž . Ž .r x is of the form 3.8 , thenT
r x  c r T  y ,Ž . Ž .Ý ÝT d
tube T tube T
Ž . Ž . Ž . Ž .with y B A . While Ý r T  B A by Lemma 3.5 ii , and henced tube T d d
Ž . Ž . Ž . Ž .Ý r X  B A , therefore, x B A by Lemma 3.5 i .tube T T d d
Ž .  Remark. i As pointed out by Sevenhant and Van den Bergh in SV ,
Ž .the imaginary simple roots of H A are of the form n, where  is a
Ž . Ž .positive integer, i.e., if d e , i 1, . . . , n, and if B A  H A , theni d d
d n. Therefore, Theorem 3.7 is only used for d n.
Ž . Ž . Ž . Ž .ii Let x H A . As pointed out in Lemma 3.5, if r x  B An T n
Ž .for any tube T , then x B A . But the converse is not true.n
For example, let K be the Kronecker algebra, and let N , . . . , N be1 q1
Ž .all the indecomposable modules of dimension vector 1, 1 . Then r Ž1, 1.
  Ž . Ž .   Ž .Ý N C A  B A , but every N  B A .1	 i	 q1 i Ž1, 1. Ž1, 1. i Ž1, 1.
4. RINGELHALL ALGEBRAS OF TUBES
The aim of this section is to study the RingelHall algebras of tubes, for
application in the next section. The main results are Theorems 4.5 and
4.10, Corollary 4.8, and Lemma 4.9.
4.1. In this section, A is an arbitrary tame hereditary algebra over a
finite field k, with minimal positive imaginary root n. Let T be a tube of
Ž . Ž .   4A. Denote by H T the subspace of H A with basis M M T . Then
Ž . n Ž .H T is also an  -graded algebra with homogeneous component H T0 d
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  4being the space with basis M M T , dim M d . Set
B T  H T  H T . 4.1Ž . Ž . Ž . Ž .yÝ xd
xyd ; x , y0
Ž . Ž . Ž .Then B T  B A  H T .d d d
Ž . Ž .The motivation of introducing B T is as follows. For x H T , wed n
Ž . Ž .want to reduce the criterion of x B A to the one of x B T . Then n
advantage of this reduction is that, inside a tube more combinatorial
 techniques could be used, and results in DR can be used more efficiently;
  Ž .particularly in R4 the structure of H T has been extensively studied for
non-homogeneous tube T. As we will see in Theorem 5.2, this idea works.
Ž .4.2. We fix the following notations. Let T be a tube with rank T m;
Ž .let E , . . . , E be the quasi-simples in T with  E  E , 1	 i	m 1;1 m i i1
Ž . Ž .and let  E  E . Let E j denote the indecomposable in T withm 1 i
quasi-length j and quasi-top E . If m 2, theni
dim E m  dim E m  gn, 4.2Ž . Ž . Ž .1 m
Ž    .where g is a positive integer with 1	 g	 3 see DR or M . In
Žparticular, if A is the path algebra of an affine quiver, then g 1 see
 .DR, Tables .
Ž .Let x, x , . . . , x  H A . We say that x is generated by x , . . . , x ,1 t 1 t
provided that x is a -combination of some products with all divisors
 4 Ž .being in x , . . . , x . A subset of H A is said to be generated by x , . . . , x ,1 t 1 t
provided that every element in it can be generated by x , . . . , x .1 t
  Ž . Ž .LEMMA 4.3 GP . i H A is generated by all isoclasses of indecompos-
able A-modules.
Ž . Ž .ii H T is generated by all isoclasses of indecomposables in T.
LEMMA 4.4. If m 2, M is an indecomposable in T with quasi-length
m, and N is an arbitrary indecomposable in T with quasi-length m, say,
iŽ .N  M , then
   N  i M  B T . 4.3Ž . Ž .g n
Proof. Denote by L the unique maximal regular submodule of M and
1 Ž . 1 Ž .by E the quasi-top of M. Since dim Ext E, L  1 dim Ext L, Ek A k A
Ž . Ž .and Hom L, E  0Hom E, L , it follows thatA A
       E  L  M  E
 L
and
     L  E   M  E
 L .Ž .
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It follows that
            M  M  L  E  E  L  M  B T ,Ž . Ž .g n
and hence the assertion follows by repeating this process.
THEOREM 4.5. Let T be a non-homogeneous tube with rank m. Then for
any positie integer  there holds
 H T  M 
 B T , 4.4Ž . Ž . Ž .g n   g n
where M is an arbitrary indecomposable in T with quasi-length m.
Ž .Proof. By Lemma 4.3, H T is generated by the isoclasses of inde-g n
composable modules in T. It follows from Lemma 4.4 that
 H T  M  B T .Ž . Ž .g n   g n
Ž . Ž .It remains to prove that B T  H T for all  1.g n  g n
Ž .For an A-module M, let  M be the number of the indecomposable
direct summands of M.
For  1 and 1	 i	m, let
T i  E  1 m 1 
 E .Ž . Ž .Ž . 
 i t
ti , 1	t	m
Ž . Ž . Ž . Ž .Note that T 1  T 2    T m  E 
 E 
 
 E , dim T i1 1 1 1 2 m 
Ž Ž .. gn, and  T i m.
Define
  M T  there exists i , 1	 i	m , such that T i M E m ,Ž . Ž . 4  i 
  where the order  is defined as in R4, p. 520, 4.7 , and as in Guo, Sect. Ž .2 there he used the symbol  .0
If M , then by construction we have
Ž .i dim M gn.
Ž . Ž .ii 1	  M 	m.
Ž . Ž . Ž . Ž .iii  M  1 if and only if M E m for some i; and  M mi
Ž .if and only if M T i for some i.
Ž .iv M is multiplicity free.
Define
Ž . M 1 c  1 q M .Ž .Ý
M
Ž .Notice that c  H T .  g n
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For example,
Ž . M 1 c  1 q M .Ž .Ý1
MT ; dim Mg n
ŽWe point out a fact which is not needed in this paper, i.e., c is in the1
Ž . Ž . Ž center of H T , but c is not in the center of H T for  2 see Guo,
. .Proposition 3.2 .
  Ž .It is proved in Guo that c is in the centralizer of C T for  1,
Ž . Ž .where C T is the subalgebra of H T generated by all isoclasses of
quasi-simples in T.
Ž . Ž .  Ž .Denote by H  the subalgebra of H T generated by E j  1	 i	m,i
4 Ž Ž . Ž . .1	 j	  . Note that H m is different from H T . By definition andg n
Lemma 4.3 we have
B T  H m 1 . Ž . Ž . Ž .g n
Ž . Ž .It is well known that H l C T for 1	 l	m 1. By Proposition 3.4
 and Theorem 4.7 of Guo , we also know that for positive integer  and
0	 l	m 1,
² :H m l  C T , c , . . . , cŽ . Ž . 1 
     C T c , 1, 0 c , 1,   c , 1,  Ž . Ž .1 2 2  
Ž . Ž .is an iterated Ore extension of C T , where  c  c c  c c fori j i j j i
Ž .1	 j i	 ; it follows that the GelfandKirillov dimension of H m l
Ž . Žover C T is . We pointed out that one of the points of the proof in
  Ž .   .Theorem 4.7 of Guo is to use the basis of C T at degree n in R4 .
We claim that
c  B TŽ .  g n
for any positive integer .
Ž . Ž .In fact, otherwise, by  and  we have
c  B TŽ .  g n
 H m 1Ž .
 H  1 mm 1Ž .Ž .
² : C T , c , . . . , cŽ . 1 1
Ž Ž ..where if  1, then the equality is understood as c C T . This1
means
² : ² :H m  C T , c , . . . , c , c  C T , c , . . . , c ,Ž . Ž . Ž .1 1  1 1
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Ž . Ž .and then the GelfandKirillov dimension of H m over C T is  1, a
contradiction. This completes the proof.
By Lemma 4.4 and Theorem 4.5 we have
COROLLARY 4.6. Let T be a non-homogeneous tube of rank m. Denote by
Ž .  s T Ý N where N runs oer indecomposable modules in T with quasi-
length m. Then for all  1 there holds
s T  B T .Ž . Ž .  g n
Ž .4.7. Denote by  the symmetric group of degree m. Let  12  mm
 Ž .  Ž . Ž .  . For E j  E j  H T , where 1	 i , . . . , i 	m; t 1;m i 1 i t 1 t1 t
j , . . . , j  1, define1 m
 E j  E j  E j  E j . 4.5Ž . Ž . Ž . Ž . Ž .Ž .i 1 i t  Ž i . 1  Ž i . t1 t 1 t
Ž .We introduce the following element in H T :g n
i  c   E  E  E j . 4.6Ž . Ž .Ž .Ýg n 1 mj mj1
1	i , j	m
Thus
i i       c   E  E   E  E  E 2  Ž .Ž . Ž .Ýg n 1 m 1 m2 m1
1	i	m
i  E m .Ž .Ž .1
Notice that by definition we have
c  s T  x , with x B T . 4.7Ž . Ž . Ž .g n 1 g n
Ž .Recall that by r T we have denoted the sum of the isoclasses of theg n
Ž .all modules in T with dimension vector gn see 3.3 .
LEMMA. Let T be a non-homogeneous tube of rank m. Then the following
holds:
c mr T . 4.8Ž . Ž .g n g n
Proof. Let M be an arbitrary module in T with dim M gn. Since
Ž   dim E , . . . , dim E are -linear independent see DR, Tables , or R1, p.1 m
.146 , it follows that M can be uniquely written as
M E  
 E  
 
 E  , Ž . Ž . Ž . Ž .i 1 i 2 i     j1 1 j1
with  , . . . ,   1, j 1, and    m. We take the low indices1 j 1 j
Ž . Ž .modulo m. Thus E   E  .i     j i j1 j1 j
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 We claim that M is a term of c with coefficients m, and hence theg n
assertion follows.
Ž .In fact, by the presentation  of M, we can easily analyze the types of
filtrations of M from the AuslanderReiten quiver. Note that c is a sumg n
2  of m monomials. Those monomials in which M is a term are exactly in
Žthe following list this can be seen geometrically from the structure of a
.tube :
i1       E  E  E  E   E  E ,Ž .ž /i i 1 i i1 1 m1 j
   E  E  E  E  E 2Ž .ž /i i 1 i i3 i21 j
i1      E  E  E 2 ,Ž .Ž .1 m2 m1
...
 E  E  E Ž .ž /i i 1 i j1 j
i1    E  E  E  ;Ž .ž /1 m m 1 jj j
i 1j     E  E  E  E   E  E ,Ž .ž /i i1 i  i 1 1 mj j j1 j
 E  E  E  E  E 2Ž .ž /i i1 i  i 3 i 2j j j1 j j
i 1j      E  E  E 2 ,Ž .Ž .1 m2 m1
...
 E  E  E Ž .ž /i i1 i  j1j j j1
i 1j    E  E  E  ;Ž .ž /1 m m 1 j1j j1
...
...
i 11     E  E  E  E   E  E ,Ž .Ž .i i  1 i i 1 1 m1 1 2 1
 E  E  E  E  E 2Ž .Ž .i i  1 i i 3 i 21 1 2 1 1
i 11      E  E  E 2 ,Ž .Ž .1 m2 m1
...
E  E  E Ž .Ž .i i  1 i 11 1 2
i 11    E  E  E  .Ž .Ž .1 m m 1 11 1
Altogether we have     m such monomials. Note thatj j1 1
 the coefficients of M in every monomial in the preceeding list are 1,
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Ž .  since Hom E , E  0 for i j. This proves that M is a term of cA i j g n
with coefficients m.
Ž . Ž .By 4.8 , 4.7 , and Corollary 4.6 we have
COROLLARY 4.8. We hae
r T  B T .Ž . Ž .g n g n
Ž . Ž .Remark. We do not know how to prove r T  B T for  1.g n  g n
Ž .But for  2 and rank T  2, we have the following fact by direct
calculations, which is needed in the next section.
Ž . Ž . Ž .LEMMA 4.9. Let T be a tube with rank T  2. Then r T  B T ,2 g n 2 g n
Ž .where r T is the sum of the isoclasses of all modules in T with dimension2 g n
ector 2 gn.
Proof. Let E , E be the quasi-simples in T , and let N , M , L be the1 2 1 1 1
indecomposables in T with quasi-top E , and with quasi-length 2, 3, 4,1
respectively. Set N  N , M  M , and L  L .2 1 2 1 2 1
By Lemma 4.4 we have
   L  L  B T . 4.9Ž . Ž .2 1 2 g n
Since
       M 
 E  E  M  L ,2 1 1 2 1
       M 
 E  E  M  L ,1 2 2 1 2
it follows that
     M 
 E , M 
 E  L  B T . 4.10Ž . Ž .2 1 1 2 1 2 g n
Since
2      q 1 N  N  N  L ,Ž . 1 1 1 1
2      q 1 N  N  N  L ,Ž . 2 2 2 2
it follows that
1
2 2  N , N  L  B T . 4.11Ž . Ž .1 2 1 2 g nq 1
Since
       N  N  q 1 M 
 E  q N 
N ,Ž .1 2 1 2 1 2
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Ž .it follows from 4.10 that
q 1
   N 
N  L  B T . 4.12Ž . Ž .1 2 1 2 g nq
Since
       N  E 
 E  M 
 E  q N 
 E 
 E1 1 2 1 2 1 1 2
and
       N  E 
 E  M 
 E  q N 
 E 
 E ,2 1 2 2 1 2 1 2
Ž .it follows from 4.10 that
1
     N 
 E 
 E , N 
 E 
 E  L  B T . 4.13Ž . Ž .1 1 2 2 1 2 1 2 g nq
Since
2 2 2   E  E 
 E  N 
 E 
 E  q 1 E 
 E ,Ž .1 1 2 1 1 2 1 2
Ž .it follows from 4.13 that
1
2 2  E 
 E  L  B T . 4.14Ž . Ž .1 2 1 2 g nq q 1Ž .
Ž . Ž .By 4.9  4.14 we have
2 2       r T  L  L  M 
 E  M 
 E  N  NŽ .2 g n 1 2 1 2 2 1 1 2
      N 
N  N 
 E 
 E  N 
 E 
 E1 2 1 1 2 2 1 2
2 2 E 
 E1 2
q
  L  B T ,Ž .1 2 g nq 1
Ž . Ž .   Ž .and hence r T  B T , since L  B T by Theorem 4.5.2 g n 2 g n 1 2 g n
Now, we consider homogeneous tubes.
THEOREM 4.10. Let T be a homogeneous tube with quasi-simple E and
dim E sn. Then for any positie integer  there holds
 H T  M 
 B T , 4.15Ž . Ž . Ž .sn   sn
where M is the indecomposable in T with quasi-length .
RINGELHALL ALGEBRAS 697
Proof. Denote by M the indecomposable in T with quasi-length i. Leti
Ž .  be the set of partitions of . A partition p of  is denoted by
Ž n1 nt.p    , i.e.,1 t
n   n   ; 0      ; n , . . . , n  0; t 0.1 1 t t 1 t 1 t
Ž n1 nt. Ž .For every partition p      , set1 t
n n1 tM p  M 
 
M  H T ,Ž . Ž . sn 1 t
and
n n1 tm  M  M  H T .Ž . snp  1 t
Then
M p  p  4Ž . Ž .
Ž . Ž . Ž  is a basis of H T . Since H T is a commutative algebra see M, p. 183sn
 .or Z2 , and since every isoclass of a module in T is generated by
Ž .isoclasses of indecomposables in T , it follows that B T  the spacesn
Ž . Ž .  Ž .4spanned by m , p  , p  , and that m  p  is a generat-p p
Ž . Ž .ing system of H T , and hence is also a basis of H T . In particularsn  sn
 Ž . Ž .we have m  M   B T , i.e.,Ž.  sn
 H T  M 
 B T .Ž . Ž .sn   sn
5. INDECOMPOSABLE MODULES WHICH CAN
BE GENERATED
Let A kQ with Q an affine quiver. The aim of this section is to
Ž .classify all indecomposables M which can be generated inside H A by
  Ž . Ž .‘‘smaller’’ modules, i.e., M  B A see Theorem 5.3 . We do this bydim M
Ž . Ž .reducing the criterion of x B A , where x H T , to the one ofd d
Ž . Ž .x B T see Theorem 5.2 .d
LEMMA 5.1. Let E be a homogeneous quasi-simple with dim E n.
  Ž .Then E  B A .n
Ž .Proof. Otherwise, by Theorem 3.7 iii there exists non-zero regular
modules M, N, with dim M dim N n, and c, c , such thatM , N
     E  cr  c M  N . 5.1Ž .Ýn M , N
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   Since E is quasi-simple, it follows that E is not a term of Ýc M M , N
   N ; but E is a term of r , and hence by comparing the coefficients ofn
  Ž . Ž .E on both sides of 5.1 we get c 1. This forces t A  1 in the sense
of 2.3, i.e., E has to be the unique homogeneous quasi-simple A-module
Ž with dim E n otherwise, let E be a homogeneous quasi-simple with
    dim E  n, E  E. Then by comparing the coefficients of E on the
Ž . .two sides of 1 we get the contradiction c 0 . Then  2 or  1,
Ž .according to Corollary 2.8 ii .
Ž . If  2 and t A  0, then let E be a homogeneous quasi-simple1
 Ž .module with dim E  n. Let L be the homogeneous indecomposable
      with quasi-socle E and dim L 2n. Then both L and E 
 E are
terms of r , with coefficient 1. But, since E is homogeneous quasi-sim-2n
    Ž .ple, it follows that product M  N on the right side of 5.1 , such that
               L or E 
 E is a term of M  N , is unique and has to be E  E .
Note that
           E  E  L  q 1 E 
 E .Ž .
     Then by comparing the coefficients of L and E 
 L on both sides of
Ž .5.1 we get a contradiction,
0 1 c   and 0 1 q 1 c   .Ž .E , E E , E
˜ ˜Ž . Ž .If  2 and t A  0, then A is of type D or E by Corollary 2.8 i ,1 n n
and hence A has a tube T of rank 2. Taking the T-part in both sides of
Ž .    5.1 , and noticing that if M, N are regular, then M  N has a T-term if
and only if M, N T , we then get
   r T  c M  N  B T ,Ž . Ž .Ý2n M , N 2n
which contradicts Lemma 4.9.
Ž .If  1, then A is not the Kronecker algebra since t A  1, and then1
there exists a non-homogeneous tube T . Taking the T -part on both sides
Ž .of 5.1 , we then get
     r T  c M  N  B T ,Ž . Ž .Ýn M , N n
which contradicts Corollary 4.8.
THEOREM 5.2. For any tube T of A, and any positie integer , there
holds
B T  B A  H T . 5.2Ž . Ž . Ž . Ž .nn n
Ž . Ž . Ž .Thus, gien an x H T , then x B T if and only if x B A .n n n
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Ž . Ž . Ž .Proof. Let 0 x B A  H T . Then by Theorem 3.7 iii we haven n
   x r x  cr  c M  N , 5.3Ž . Ž .Ýn M , N
where M, N are non-zero regular modules with dim M dim N n,
and c, c .M , N
Ž .First, assume that t A  0; i.e., there exists a homogeneous quasi-sim-
 ple E with dim E n. It is easy to see that E is not a term of x;
otherwise, E T and then T is a homogeneous tube. Since E is the
 quasi-simple in T with dim E n, it follows that x a E with a 0.
  Ž .But by Lemma 5.1 we have E  B A .n
  Ž .Thus, by comparing the coefficients of E on both sides of 5.3 we get
Ž .c 0. Now, taking the T-part on both sides of 5.3 , we then get
   x c M  N  B T .Ž .Ý M , N n
˜ ˜Ž .Second, if t A  0, then  1 and A is of type D or E by Corollary n n
Ž .  2.8 i , and hence A has a non-homogeneous tube T such that T  T.
 Ž .Taking the T -part on both sides of 5.3 , we then get
cr T   B T  ;Ž . Ž .n n
Ž .by Corollary 4.8 this forces c 0, and then x B T .n
 We say that an A-module M can be generated, provided that M 
Ž .B A .dim M
THEOREM 5.3. Let M be an indecomposable A-module. Then M can be
generated if and only if dim M e , i 1, . . . , n, and dim M n for anyi
non-negatie integer .
Ž . Ž .In particular, B A H A if and only if d e , i 1, . . . , n, andd d i
d n for any non-negatie integer .
Proof. If M can be generated, then by Theorems 4.5, 4.10, and 5.2 we
know that dim M n for any non-negative integer , and dim M e ,i
i 1, . . . , n.
 The converse is already known from SV ; here we give a more direct
proof. If dim M e , i 1, . . . , n, and dim M n for any non-negativei
integer , then by Lemma 3.4 we may assume that M T , where T is a
non-homogeneous tube with rank m, and the quasi-length of M is not a
 multiple of m. If the quasi-length of M is smaller than m, then M is
Ž  .generated by the quasi-simples in T see Z3, Theorem 1.1 . Let the
quasi-length of M be m l with 1	 l	m 1. Let L T be the
indecomposable submodule of M, with quasi-length m. Then it is easy to
see that
             ML  L  M  L
ML ; L  ML  L
ML .
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It follows that
         M  ML  L  L  ML  B A .Ž .dim M
Ž .6. MINIMAL HOMOGENEOUS GENERATORS OF H A
The aim of this section is to explicitly write out systems of minimal
Ž .homogeneous generators of H kQ , especially all systems of minimal
Ž .generators of H kQ consisting of isoclasses of indecomposable modules
Ž .see Theorems 6.3 and 6.4 . In particular, we get the formula of the
number of the imaginary simple roots at degree n, in the correspond-
Žing BorcherdsCartan matrix associated with affine quiver Q see Corol-
.lary 6.5 .
Ž .6.1. For a positive integer , let   be the set consisting of all
non-homogeneous tubes, and those homogeneous tubes T with quasi-sim-
Ž . Ž .ple in T having dimension vector sn, s  . For T   , take M T to be
an arbitrary indecomposable in T with dimension vector n. Then by
Ž .Theorems 4.5 and 4.10, there exists a unique c T  and a unique
Ž .x B T , such thatn
r T  c T M T  x . 6.1Ž . Ž . Ž . Ž .n  
Define b to be the elementn
b  c T M T  H A . 6.2Ž . Ž . Ž . Ž .Ý nn  
Ž .T 
LEMMA. For any positie integer , we hae
Ž .i b  0.n
Ž . Ž .ii b  B A .n n
Ž .Proof. i If there exists a homogeneous tube T with quasi-simple E
Ž .  such that dim E n, then r T  E , and hence by definition we haven
Ž .c T  1, it follows that b  0. n
Ž .Otherwise, by Corollary 2.8 i we have  1; then by Lemma 4.8
Ž . Ž . Ž . Ž .r T  B T for any non-homogeneous tube T. Thus c T  0 by 6.1n n 1
and Theorems 4.5.
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Ž .ii By definition we have
b  r T  b  r T  B A ,Ž . Ž . Ž .Ý Ýn n n n n
Ž . tube TT 
Ž .and then the assertion follows from Lemma 3.5 ii .
Ž . Ž .Remark. We conjecture that c T  0 for all T   and all positive
Ž . Ž . Ž .integers ; or equivalently, r T  B T for all T   and alln n
Ž .positive integers  cf. the Remark preceding Lemma 4.9 .
 Ž . Ž .4THEOREM 6.2. Let V be the -space with basis M T  T   . 
Then we hae
Ž . Ž . Ž .i H A  V  B A .n  n
Ž . Ž .ii V  B A b . n n
Ž . Ž .iii dim V  1Ý N q, s .  s 
Ž .Proof. The assertion i follows from Lemmas 3.4 and 3.5 and Theo-
rems 4.5 and 4.10.
Ž .ii By Lemma 6.1 we only need to prove that if x 
 Ž . Ž .Ý a M T  V  B A , then x cb for some c.TŽ. T   n n
Ž . Ž .In fact, by Theorem 3.7 iv , x B A means that there exists a cn
Ž .such that for every tube T of A, r x is of the formT
   r x  cr T  c M  N ,Ž . Ž . ÝT n M , N
where M, N are non-zero modules in T with dim M dim N n, and
Ž .c , and hence by 6.1 we haveM , N
r x  cc T M T  yŽ . Ž . Ž .T  
Ž . Ž .  Ž .  Ž . Ž .for some y B T . Since r x  a M T , and M T  B T byn T T   n
Ž . Ž .Theorems 4.5 and 4.10, it follows that a  cc T for T   , i.e.,T 
x cb .n
Ž .iii Let m be the number of non-homogeneous tubes of A, and let
Ž .t A be the number of homogeneous quasi-simples with dimension vectors
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sn. Then by Proposition 2.7 we have
dim V   Ž . 
 t A mŽ .Ý s
s
m t A  N q , sŽ . Ž .Ý1
s , s1
 1 q N q , sŽ .Ý
s , s1
 1 N q , s .Ž .Ý
s
6.3. For any positive integer , let W be an arbitrary complement of
b in V , i.e.,n 
V W 
b . 6.3Ž .  n
Then by Theorem 6.2 we have
1 
sdim W  N q , s   q , 6.4Ž . Ž .Ý Ý  ž / ss s
and
H A W 
 B A . 6.5Ž . Ž . Ž .n  n
This proves the following.
THEOREM. Taking a basis G of W , the set 
G S i  1	 i	 n  G 6.6 4Ž . Ž . 

Ž . Ž . Ž .is a system of minimal homogeneous generators of H A , where S 1 , . . . , S n
are all simple A-modules.
 Ž . Ž .6.4. Choose an arbitrary tube T    , such that c T  0. Then the
set
M T  T   , T T 4Ž . Ž .
spans a complement of b in V , and hence by the theorem above wen 
have
THEOREM. The set
G S i  1	 i	 n  M T  T   , T T 6.7 4  4Ž . Ž . Ž . Ž . 

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Ž .is a system of minimal generators of H A ; moreoer, any system of minimal
Ž .generators of H A , which consists of isoclasses of indecomposable modules,
is of this form.
6.5. As a consequence, we get the number of minimal homogeneous
Ž .  generators of H A at degree n. In HX , Section 5, Hua and Xiao has
obtained the following formula in different terminology, using character
formula.
COROLLARY. Let dn. Then0
1, d e , i 1, . . . , n; i
N q , s , d n,  a positie integer ,Ž .Ýcodim B A Ž . d
s
0, otherwise.
Ž .Proof. If d e , i 1, . . . , n, then the assertion follows from B A i d
Ž .0 and dim H A  1. If d n for a positive integer , then the d
Ž . Ž .assertion follows from 6.4 and 6.5 .
Ž . Ž .In the remaining case, B A  H A by Theorem 5.3.d d
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